NONEQUALITY OF DIMENSIONS FOR METRIC SPACES

BY
PRABIR ROY(})

Introduction. There are three classical set-theoretic notions of dimension;
they are [2, p. 153]:

Small inductive dimension (=Menger-Urysohn dimension), denoted by ind such
that ind (S)= —1 if S is empty, ind (S) =n if for every point p € S and open set U
containing p there is an open set V satisfying

peV < U, ind(boundaryof V) = n—1,

and ind (S)=nr if ind (§)<n but ind (S§)<n—1 is not true.

Large inductive dimension (due to Urysohn), denoted by Ind such that Ind (S)
=—11if S is empty, Ind (S)=n if for every closed set C<S and open set U con-
taining C there is an open set V satisfying

C<c Vc U, Ind(boundaryofV) =< n—-1,
and Ind (S)=nif Ind (S)<n but Ind (S§)<n—1 is not true.

Covering dimension (= Lebesgue covering dimension), denoted by dim such that
dim (S)= —1if S is empty, dim (S) < n if every finite open cover of S has a finite
open refining cover of order <n+1, that is, no point of S belongs to more than
n+1 members of the refinement, and dim (S)=nrif dim (S)<n butdim (S)sn-1
is not true.

It is well known that for separable metric space S

ind (S) = Ind (S) = dim (S).
Recently Katetov showed that for any metric space S
Ind (§) = dim (S).

However, the question, is ind (S§)=dim (S) for a// metric spaces, remained open.
We shall answer this question in the negative. (For a comprehensive account of the
preceding material the reader is invited to consult P. Aleksandrov’s paper [1, pp.
1-4].) We shall prove, in succeeding sections, the following statement.

THEOREM. There is a complete metric space A such that ind (A)=0 but dim (A)=1.

1. Description of the space. In this section we define the points of A and certain
subsets of A. Although these subsets are already called regions here, the fact that
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they form a topological basis is proved in §2. The remarks at the end are intended
to clarify some of the rather arbitrary assertions implicit in the process of defining.

1.1. NotaTions. The symbol @ as usual will denote the empty set. By a sequence
we shall mean a function defined on either the set of all positive integers, or the set
of all nonnegative integers, or any initial segment of either of them. With this in
mind the following notations are adopted.

1.1.1. X'=the set of all finite sequences of real numbers, defined on initial seg-
ments of the nonnegative integers, such that if x € X, then x()=0 only in case
i=0.

1.1.2. If x € X, then |x| will denote the greatest integer for which x is defined.
(|x| may be thought of as the length of x.)

1.1.3. Y=the set of all reversible sequences of positive numbers, defined on the
set of all positive integers. The word “reversible” will be used instead of ““one-
to-one.”

1.1.4. Z=the set of all infinite sequences of positive numbers, defined on the set
of all positive integers.

1.1.5. If r is a positive number, then Y, will denote the set of all members of Y
which take on the value r, and

1.1.6. F, will denote a reversible function from the positive numbers onto Y,.

1.1.7. If K is a collection of sets, then K* will denote the union of members’
of XK.

1.2. PoiNTs OF A. There are two types of points of A and these types will be
called P, and P,.

1.2.1. P, =the set of all sequences of nonzero real numbers, defined on the posi-
tive integers.

1.2.2. P,=Xx YxZ. (py, py, and p; will denote the coordinates of p € P,.)

1.3. ReGIONs OF A. There are also two types of regions and these types will be
denoted by I'; and T',.

R is a member of I'; only in case there is an x € X with |x| #0 such that,

1.3.1. R=R' U R?, where

1.3.2. R*={p|pePy;and p(i)=x(i) for i=1,..., |x|}, and

1.3.3. R®={p | peP,; |px|2Z|x|; and px(i)=x(i) for i=1,...,|x|}. Such a
region R will be denoted by R,.

R is a member of I'; only in case there is a point p € P, and a positive integer n
such that,

1.34. R=R°U R* U R, where

1.3.5. R°={g | q€ P,; qx=px; qv=py; and if n>1, then g (i)=pz(i) for
i=1,...,n—1}, and

1.3.6. R*=\UJ21 Ryp.n.+), and R~ ={J2, Ryp.n. -, Where {y(p, n, +)} and
{¥(p, n, =);}{ are the two infinite reversible sequences of members of X such that if
J is a positive integer, then

L3.7. [Ap, n, £)s|=|px|+n+1,
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1.3.8. ¥(p, n, +){i)=px(i) for i=0,..., |pxl,

1.39. ¥(p, n, £)(|px|+1)= 2 pr(n+j-1),

1.3.10. ¥(p, n, +)(|px|+2)=F Fyin+;-1(Py), and if n>1,

1.3.11. (p, n, +),(|px| +2+i)= Fps(i) for i=1,...,n—1.

Such a region R will be denoted by R,

1.4. REMARKS. Note that 1.1.6 makes sense because Y, has the power of the
continuum. In 1.2, P, " P,= &. In 1.3, the fact that {y(p, n, +),}3° and {y(p, n, — )i}
are reversible sequences follows from 1.3.9, 1.1.3, and 1.1.1, whereby py is a re-
versible sequence of positive numbers, and two members of X are different if they
differ for some integer. Also for the same reason we have that ¢(p,n, +);
#y(p, n, —), for each of j and k an integer. Finally observe that item 1.3.10 makes
sense because by 1.1.5 py € Ypym+j;-1) and by 1.1.6, Fy . n+j-1) is a reversible
function onto Y, 4 j-1).

2. Some preliminary lemmas. Now we shall exhibit, in a series of lemmas,
certain basic properties of the space A, including a proof that the regions defined in
§1, are indeed well defined. In subsequent sections these lemmas will be translated
into statements asserted in the theorem.

2.1. LeMMA. Suppose that each of R, and R, is a member of T'y and each of
R ny and Ry ) is a member of T,

2.1.1. R,OoR, <R, NR.#3 and |x|2|x'| <= |x|S|x'| and x(i)=x'(i) for
i=1,..., x|

2.12. R,®Rpmy < R, N RY, y#* @ < R,OR,,.

2.13. Rp.y® R, = R% R,

2.14. R(r.n) N R(&I.mﬁ‘é z, |Px[ = IqXI, and ném had n§m and R?p.n) N R?a.m)
# & < Rp.n> Rm and | px| 2 |qx|.

2.1.5. Rp.my® R.m and | px| <|gx| < R% > Ram

Proof. In each item we shall prove the implications pointing to the right and
finally show that the last statement implies the first one.

Proof of 2.1.1. For the first implication, by 1.1.3, 1.2.2, and 1.1.1, let pe R,
with p € P, and px=x". Since p € R,, by 1.3.3, we have |x'| =|px| 2 |x|. The next
implication is immediate by applying 1.3.2 if a point p € P, belongs to the inter-
section, and by applying 1.3.3 if a point p € P, belongs to the intersection. That the
first statement follows from the last one is obvious by the definition of T';.

Proof of 2.1.2. The first implication is transparent. For the second implication
let p’ belong to the common part. Noting that px=px by 1.3.5 and |px| 2 |x| by
1.3.3, we have that p’ € R, by 1.3.3 and hence R,>R,, by 2.1.1. In the last im-
plication observe that R,, >R ,, by 1.3.5 and 1.3.3; and in view of 2.1.1, R,,
S RE ., by 1.3.6, 1.3.7, and 1.3.8.

Proof of 2.1.3. Assume that the first implication is false. By 1.1.1 and 1.2.2, let
p' € P, with pyx=px and py#py. It follows that p’ € R,,, by 1.3.3; and hence
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p' € R, by 2.1.1, in view of the assumption, but p’ ¢ R, ,,, by 1.3.5, 1.3.7 and 1.3.3.
The converse needs no proof.

Proof of 2.1.4. For the first implication observe that by 1.3.5, 1.3.7, and 1.3.3,
we have that R% ., N RE =2 =Ry .m N RE . But if RE ;) N RE m#* @, then
in view of 1.3.6, 2.1.1, and 1.3.7, we have that g5 =py, by 1.3.8, gy=py by 1.3.9 and
1.3.10, and if n> 1, then g;(i) =p,(i) for i=1, ..., n—1, by 1.3.11—that is, g € R} n,
N R}, ., by 1.3.5.

For the second implication we get immediately from 1.3.5 that gx=px, gy =py,
and if n>1, then q,(i)=p;(i) for i=1,...,n—1. Hence, recalling that nsm,
R}, ., RY, my by 1.3.5. Moreover, in view of 1.3.7-1.3.11 it follows from 2.1.1
that R m, +), S Ripon, £3y4m-n fOrj=1,2,3,.... It follows then that R, > Rg,m)-

Finally in the last implication we only need to prove that |px|=|gx| and n=m.
If on the contrary |px| > |qx|, then by 1.3.5, 1.3.7, and 1.3.3, g ¢ R(,.»)- Similarly if
n>m then, setting, by 1.2.2, ¢’ € P, with gx=qx, gv =qy, and if m> 1, gz(i)=¢5(i)
for i=1,...,m—1, but gz(m)+#p;(m), we have that ¢’ € RY, », by 1.3.5, but ¢’
¢ R,y by 1.3.5,1.3.7, and 1.3.3.

Proof of 2.1.5. For the first implication note that R,, N R{, ,,= @, for other-
wise R,,©R,, by 2.1.2, which implies by 2.1.1 that |gx|=<|px|. Hence RS ,
U RG.m> R my- But in view of 1.3.6, we have R% ., > Ri.m by 2.1.2. The converse
is evident in presence of 1.3.7 and 1.3.3.

2.2. NOTATIONS. Suppose that R, € I'; and R, ,, € I's. The following notations
are to be adopted.

2.2.1. Ex={Rq.m | |gx|+1=|x|,gx(i)=x(i) fori=0, ..., |qx|,and gy € ¥ixqxp}-

222 Epn= Uiu; 1 Evpon, s
(NotE: In 2.2.1, since the only conditions on R, ., are on g, we have that if R, m,
€ E, then R, € E, for i=1,2,3,.... The same is obviously true for E ,,.)

2.2.3. G,={R, | |x|=n U{Rum | |9x| +m=n} for n=1,2,3,....

224. G,=UR.G forn=1,2,3,....

2.3. LeMMA. If n is a positive integer, then
Gn > Gn+1a (Gnn Fl)* > Pl and (Gn N Fz)* > Pz.

Proof. The proof follows immediately from 2.2.4 and the definitions of I'; and
T',, using members of I'; to cover points in P, and using members of I, to cover

points in P,.

2.4. LEMMA. If R, € Ty, then there is a positive integer N such that if R € Gy and
R ¢ E, then
R, R<=R.NR# 2.

The least such integer will be denoted by N.,.

Proof. Obviously if R,>R, then R, N R# . But the converse needs an
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argument. For each positive integer j with 1 <j<|x| —1 (if such a j exists), by 1.1.5
and 1.1.6, let

) m; = [Fixn(|x(+ D12 x()))-
Now let,
) N = Ix~lz-1_m,~+|x|. (Notethat N=1ifx = 1.)

Suppose that R, €', N Gy. By 2.2.3 and (2), |x|2N2|x|. Hence by 2.1.1,
if R, N R,.# & then R, D R,..

Next suppose that R, . € I'; N Gy and |px| 2 |x|. If R, N Ry n# @ then, by
222and 2.1.1, R,®R,, @ Ry n)-

Consider now the case where R, ,, € I'; N Gy and

3) |px| < |x|.
In this situation we shall show that
4 if RiNRyp. # < then Ry, e€kE,

and thus finish the proof of the lemma. Noting that R, N RY, ,,= @ by (3) and
2.1.2, let x’=9y(p, n, ), for some positive integer j such that R, " R, # @. It
follows that by 1.3.7, 2.2.3, and (2),

5) |x'| = |px|+n+1 2 N+1 > |x|,

and hence by (2) and (3),
6) n> mz-l m;.
i=1

Hence in presence of 2.1.1 we have that
@ x(i) = x'({) = Px(i) fori=0,...,|px|, by1.3.8;
®) [x(|px| +1)] = |x'(|Px|+1)| = py(n+j—1), by 1.3.9 and 1.3.3.
We further claim that
©) |pxl+1 = |x|,
for otherwise: by (3), | px| +2 = |x|, and then by 1.3.10 and (8)

x(1pxl +2)| = [x'(Pxl +2)| = Fgass-1Py) = Fidogr+01(Po),
which implies in view of (1) that

Fisqogt + 0i(|X(| x| +2))n+j—1) = py(n+j—1) = |x(|px| +1)|
= le(lpxl+1)l(|x(lpxl +2)|)(mlrxl+1)’
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and hence by 1.1.5, 1.1.6, and 1.1.3, we have that
n+j—1=mpy, .1,

namely, a contradiction to (6). Now, in view of (9), (8) implies that py € Y|
and this together with (9) and (7) are exactly the conditions (see 2.2.1) that R, ,,
€ E,. Thus (4) is established and the proof of the lemma is completed.

2.5. LeMMA. If R, €T and Ry )€ E, then
RN Ry =o<wnz Py (x| X)) +1.

Proof. Suppose that j is a positive integer so that n+j=py }(|x(|x|)|)+ 1. Now
in view of 2.2.1 we have that: |x|=|px|+1<|px|+n+1=|¥(p, n, £),|, by 1.3.7;
x(P)=px(i)=¢(p, n, £),(i) for i=1, ..., |px|, by 1.3.8; and x(|x|)= +py(n+j—1)
=y(p, n, £)]x|), by 1.3.9. Therefore, by 2.1.1, if x(|x|)<0 then R,> R, n -)
but if x(|x|)>0 then R,> R, +y—and hence R, N Ry, ., # <.

Conversely suppose that n2 py }(x(|x|))+ 1. Recalling that |px| +1=|x|, we get
that R, N RY, ,,# @ by 1.3.5 and 1.3.3. Also if j is a positive integer then:
[P, n, £),|>|px|+1=|x|, by 1.3.7, but #(p, n, +),(|x])= £ py(n+j—1)#x(|x]),
by 1.3.9 due to 1.1.3 and the fact that n+j—1>n—12Zpy *(|x(|x|)|}—and hence
Ry N Rypn s, # 2 by 2.1.1. Thus R, N Rey.ry= 2.

2.6. LEMMA. If Ry ., €Ty, then there exists a positive integer N such that if
ReGyand R¢ E, ,, then

Rem ® R<Rpm NR# 2.
The least such positive integer N will be denoted by N, p,.

Proof. The implication to the right is transparent. But the converse requires an
explanation. First let
(1) N = |px|+n+1.

Suppose that R, e I'; N Gy. Since |x| Z N> |px| by 2.2.4 and (1), we have that
R.N R}, ,,=2 by 1.3.5 and 1.3.3. Hence if R, N R, . #* @ then, by 1.3.7 and
2.1.1, R .2 R..

In case Ry m€l2N Gy and |gx|>|px|+n, we get by 1.3.5 and 1.3.3 that
Ry N RY .= @. Hence if Rgm N Ry m# 2, then by 2.1.2, 1.3.7, and 2.1.1,

R3,n> Ryy—that is Rp,m= Rig,m)-
Congsider now the case where R ., € I'; N Gy and

V) lgx| < |px|+n.
First note that by 2.2.4
3) lgx|+m 2 |px|+n.
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Observe that in case |px|=|gx|, then n<m by (3)—hence if Ry .y N Ry m# @
then Ry ny> Ryg.m) by 2.1.4.
On the other hand we shall show that

) if Rpnmy N Rem# @ and |px| # [gx| then Ry m € Eq

and thereby complete the proof of the lemma. Noting that R{, ,, N R} .,= @ by
2.1.4 due to (2), and R{, ,, N RE,,y= @ =R% .y N RE 4y by 1.3.5, 1.3.7, and 1.3.3
due to (2) and (3), we let x=y(p, n, +), for some j and x’ =y(q, m, +), for some k
so that R, N R,.# . But then in view of 2.1.1 we get:

® IX'| = lgxl+m+1 2 |pxl+n+1 = |x| 2 |gx[+],
by 1.3.7, (3) and (2),

©) gx(i) = x'()) = x(i) fori=0,..., |qxl,

by 1.3.8 and (5), and

) gr(m+k—1) = [x'(lgx| + D] = [x(|gx|+ DI

by 1.3.9 and (5). Furthermore we claim that
® lgx| = |px|+n,

for otherwise, recalling that | py|=gx| is ruled out by assumption, we have that if
|gx| < |px| thenby 1.3.11, x'(| px| + 1) x'(| px| +2) > 0, which implies that x(| px| + 1)
-x(| px| +2)>0—a contradiction to 1.3.9 and 1.3.10, and similarly if |px|+n
>(gx| > | px|, then x(|gx| + 1)x(|gx| +2) >0, whereby x'(|gx|+1)-x'(|gx| +2)>0—
again a contradiction to 1.3.9 and 1.3.10. Now in view of (8), (5) says that (|gx| +1)
=|x| and (7) says that gy € Y|,xp, and these together with (6) are exactly the
conditions (see 2.2.1) that R m € E,, which means that, recalling x=y(p, n, +),,
Rig,m) € Ep ny by 2.2.2. Thus (4) is established, whereby the proof of the lemma is
completed.

2.7. LEMMA. The regions are well defined, that is, if U and V are regions with a
point p' € U NV, then there is a region W such that pe W<UN V.

Proof. Case 1. Suppose that U=R,€T'; and V=R, €T} with |x|=|x'|, we
have immediately from 2.1.1 that p’ € R,.=R, N R,...

Case 2. Suppose now that U=R,eT, but V=RgmeTy. If R, N R, m# 2,
then, by 2.1.2, p’ € Rg.my=R, N Rgm- If R, N Ry ny= o, then

P ER,N Rg.m=R; N [Rgm Y Ra.ml

but since RE. ., are unions of members of I';, the problem is reduced to Case 1.

Case 3. Consider now the case where U=R, ., €', and V=R n, € I'; with
n<m. If RGO Rym# @ then, by 2.14, p’ € Rom=Rp.m N Ramy If Rip.ny
N Ry .= @ then

P € Romy N Rem = [Rop.my N (Rg.my YV Ra.m)] Y [Rigmy N (RG.ny Y Rz.m)]
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but since R, ,, and R, ., are unions of members of T';, the problem is reduced to
Case 2.

2.8. LEMMA. Suppose that U is a region containing a point p.
2.8.1. If p € P, then there is a region R, € 'y withp e R, < U.
2.8.2. If p € P,, there is a positive integer n with p € R, ,,< U.

Proof of 2.8.1. We only need to consider the case where U=R ., € I';. By
Lemma 2.3, let p € R, € Gy, ,, (see Lemma 2.6 for the definition of N ). Since
R, ¢ Eq.my We have by Lemma 2.6 that pe R, <R m=U.

Proof of 2.8.2. If U=R, €T, then |px|2|x| by 1.3.3. Hence R, y,, ¢ E., by
2.2.1. (See Lemma 2.5 for the definition of N,..) Now applying Lemma 2.4 we have
that p € Ry v, < U.

If U=Ry.m € 'y, then by 1.3.5, 1.3.7, and 1.3.3 either |px|=|qx| or |px| 2 |gx|
+m+1. Consequently by 2.2.2 and 2.2.1, R,y ny ¢ Eca.m- Now applying Lemma
2.6,p€ Ry nigmp<U.

3. Metrization of the space A. Here we show that the space A is metrizable,
that is, there is a metric on A which is compatible with the topology of A. This is
done by employing a metrization theorem due to R. L. Moore. (It is unfortunate
that this beautiful and eminently useful theorem (stated as Lemma 3.3), proved by
R. L. Moore in [4], is not yet widely known.)

3.1. LEMMA. The space A is a Hausdorff space.

Proof. Suppose that p and g are two points in P,. By 1.2.1, let j be a positive
integer for which p(j)#4q(j). Now by 1.1.1, let x and x' belong to X so that:
|x|=|x'|=j, and x(i)=p(i), x'({)=q(i) for i=1, ..., . It follows that p € R, and
ge R, by 132, but R, "N R.=2 by 2.1.1.

Now suppose that p € P, and g € P,. By 1.1.1, let x € X such that: |x| =|gx|+2,
and x(i)=p(i) for i=1,..., |x|. We have g € Ry ., by 1.3.52and p € R, by 1.3.2.
But noting that Rg v, ¢ R, by 2.1.2 and 2.1.1, and Ry v, ¢ E. by 2.2.1, we
conclude, by Lemma 2.4, that Ry y,, N R,=&.

Finally suppose that p € P, and g € P, with | px| = |gx|- In case py=gx and py =gy,
then by fixing, in view of 1.2.2 and 1.1.4, j to be a positive integer with p;(j) #qz(j),
we get by 1.3.5 that pe R, ,,;, and g€ Ry 41, but Ry ;. "R ;11y= 0,
which implies by 2.1.4 that R, ;.1, N Ry ;+1,= & .On the other hand suppose that
it is not true that py =gy and py=gy. By 1.3.5, p€ R, 1, and g € R v, ,,- But since
|Px| 2 (gx|, we get that Re .y, ,p¢ Rep.1y by 2.1.4 and 1.3.5, and Reg,n(, 10 & Eiro1y
by 2.2.2 and 2.2.1. Now applying Lemma 2.5, Ry 1y N R nip,p= 2-

3.2. LeMMA. If U is a region containing a point p then there is a region V and a
positive integer N such thatpe V< U, and if We Gy and W N\ Vs & then W< U.
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Proof. Suppose that pe P;. By Lemma 2.8 and 1.3.2, let R, eT'; such that
x(i)=p(i) for i=1,...,|x| and p € R, U. Clearly it is sufficient to prove the
lemma for R, instead of U. By 1.1.1, let x’ € X such that: |x'|=|x|+1; x'(i) = x(i)
for i=1,..., |x|; and x'(Jx'|)=p(]x|+1). It is evident that p € R,.<R,, by 1.3.2
and 2.1.1. Now let N=N,.. In case We Gy and W ¢ E.., it follows from Lemma
2.4 that if WN R,.# @ then W<R,.<R,. In case We Gy and W=Ry € E,.
then noting that, by 2.2.1 and 1.3.3, g € R,, we have, by 2.1.2, W=R, .,<R,.

Suppose now that p € P,. By Lemma 2.8 and 1.3.5, let n be a positive integer with
P € Rpny<U. As before it suffices to prove the lemma for R, ,, instead of U.
First note that by 2.1.4, p € Ry.n+1,< Rip.n)- Now let N=N;, .1, In case We Gy
and W ¢ E, 1) then it follows from Lemma 2.6 that: if W N Ry ,.1,# @ then
W< R n+1y. Now assume that We Gy and W=R n, € E5.5+1). In this situation
we shall show that

¢)) W = Rqm < Ri.n-

By 2.2.2 and without loss of generality, let j be a positive integer with Ry ) €
Eyp.n+1,+), Now in view of 2.2.1, an inspection of 1.3.7-1.3.11 will show that
Ri.mS Ryp.n, +),.,- Thus (1) is verified, whereby the proof of Lemma 3.2 is com-
pleted.

3.3. LEMMA (MOORE’S METRIZATION THEOREM [4]). A topological space S is
metrizable if

(1) the space S is Hausdorff, and

(2) there is a decreasing sequence G,>G,>G3> - - - of open coverings of S such
that if U is an open set containing a point p, then there is a positive integer N with the
property that: if Ry,R, € Gy,pe Ry, and R, N Ry# &, then R, U R,< U.

3.4. PROPERTY 1. The space A is metrizable.

Proof. We shall apply Lemma 3.3. First Lemma 3.1 says that A is Hausdorff, and
Lemma 2.3 gives us that G,, G;, Gs,. . ., as defined in 2.2.4, is a decreasing sequence
of open coverings of A.

Now suppose that U is a region containing a point p. By Lemma 3.2 let N, be a
positive integer and ¥, be a region such that pe V,<U and if We Gy, and
WnNV,# @ then W< U.

Applying Lemma 3.2 again, this time to V3, let N, and V, be appropriate objects.
Now set N=N,;+ N,.

If R,, R, € Gy,p€ R, and R, N R, # &, then R, € Gy, and R, N V,# @. Hence
R,<V,. Therefore R, N V,# & and G, € Gy,. Hence R, < U. Thus, R, U R;<U.

4. Completeness of the space A. Since completeness may be considered as a
natural extension of the notion of compactness, and as the various dimensions are
the same for compact metric spaces [1, p. 2], it is somewhat curious that the space
A turns out to be complete. In any case the completeness of A will be used to com-
pute the dimensions of A in the later sections.
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4.1. PrOPERTY II. The spaceA is complete, that is, if H,, H,, Hj, . . . is an infinite
sequence of regions and C;, Cs, Cs, . . . is an infinite sequence of closed sets such
that for each positive integer i

@ # Ci,1 < C < HegG,

then N2, Ci# 2.

Proof. First note that if {C;}? is an infinite subsequence of {C;}¥, then N{ C;
=rC.

In case for infinitely many positive integers i, H; € I';, by applying 2.2.3 in view
of 2.2.4, we select a subsequence {R,,} of {H;}7 such that for each positive integer
I, |xi| <|x;+.| and R,, € G,. Let {C;}? be the corresponding subsequence of {Ci}.
Observe that if i is a positive integer, then Ci.;<R,, N R,,,,# @—hence by
2.1.1, Ry, @ R,,,, and x(j)=x;..(j) for j=1, ..., |x;|. Now we can let p € P, with:
p(N)=x,(j) for 1=5j<|x,|, and p(j)=x;41(j) for |x|Sjs|xi44]. It follows by
Lemma 2.8 and 2.1.1 that pe (N, C;. Consequently (2, Ci# 2.

In case there is an integer M with H,= R, m, € 'y for i> M, and {|(gu+)x|}¥
is an unbounded sequence of positive integers, by 2.2.3 in view of 2.2.4, we choose a
subsequence {R, .,}¥ of {H;}7 and a corresponding subsequence {C{}7 of {C}}{,
such that |(p,)x|>i for each positive integer i. Consequently, for each positive
integer i, C; < Rp,.ny< Rippy € Gi, by 2.1.2 and 2.2.4. Thus the problem i3 reduced
to the previous case, whereby O\P C;=N¢F Ci# 2.

Finally suppose that as above there is a positive integer M with H; =R, m, €'z
for i> M, but now {|(qu+)x|}¥ is a bounded sequence—some integral value being
taken on infinitely many times. Hence by 2.2.3 and 2.2.4 we select a subsequence
{Rip,.np} of {H}¥ and the corresponding subsequence {C;} of {C;}? such that
for each positive integer i, |(2)x|=1(Pi+1)x|> 7 <M1, and R, n, € G;. 1t follows
that if i is a positive integer, then C;,; < Rep,.np N Ry yoni.n# 2, and hence by
214 Ry 2y Repyyyminp and RG, oy D R, non# . Now we can let pe P,
such that: px=(p1)x, Py=(P1)r, P2(Jj)=(p2)z(j) for 15j=n,—1, and p;(j)=
(D.+2)2(j) for my = 1Z5j<n;,,—1 for i=1,2,3,.... It is evident by Lemma 2.8
and 2.1.4 that p e (" C;. Consequently, (¥ C;# @. Thus the completeness of A
is established.

S. Dimensions of the space A. In this section we shall show that the ind (A)=0
but dim (A)=1. The latter will be proved by first showing that Ind (A)>0, then
using Katetov’s result that Ind (A)=dim (A) for all metric spaces, and finally
demonstrating that dim (A)=<1.

5.1. LEMMA. Each region of A is closed.

Proof. Suppose that R, eT'; and peA—R,. In case pe P, or pe P, but R, ;,
¢ E,, by Lemmas 2.3 and 2.8 let R € Gy, so that p € R ¢ E,. It follows by Lemma
2.4 that RN R,= @.In case pe P, and R, y, € E,, then putting n=py (|x(|x|)|)
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+1, we have by Lemma 2.5 that p € R, ,, but R(,.,, N R,= &. Hence each region
in T'; is a closed set.

Suppose now that R, ., €Iy and geA—R,,. In case ge P, or ge P, but
R.1) ¢ Ep.ny» by Lemmas 2.3 and 2.8, let Re Gy, ,, such that ge R¢ E;, . It
follows by Lemma 2.6 that RN R, = . In case g € P, and Ry € Ep,ny, bY
2.2.2 and 2.2.1 let x=y(p, n, ), for some positive integer k such that R ,, € E,.
Now put m=py (|x(|x|)|)+1. Noting that by 2.2.1 and 1.3.7 |gx|=|px|+n we
have that: R m N R,= @ by Lemma 2.5, R,, N RY,,,,= @ by 1.3.5 and 1.3.3, and
fOI‘jaﬁk, Rax a Rr(ﬂ.n,t);= <z, by 2.1.1 because Qx(|Px| + 1)=‘)'(P, n, i)k('PxI + 1)
=py(n+k—1)#py(n+j—1)=9(p, n, +){(|px|+1), in view of 2.2.1, 1.3.9, 1.1.3,
and 1.3.9 respectively. Consequently, R m N Rp.m= &, but g € Ry m. Hence each
region in I'; is a closed set.

5.2. PrOPERTY III. The small inductive dimension of A is zero.

Proof. If U is an open set containing a point p then by Lemma 2.7 there is a
region R with p e R< U, and by Lemma 5.1

ind (boundary of R) = ind (@) = —1.

5.3. NotaTIONS AND DEFINITIONS. We shall adopt the following terms.

5.3.1. II=the set of all finite sequences of positive numbers, defined on initial
segments of the set of positive integers. If = € II, then || =the greatest integer for
which = is defined.

5.3.2. K is an indicator means that K is a subset of II with

(1) if =, =’ € K, then |=|=|='|, and that integer is denoted by |K|,

(2) {r | r==(1) for some = € K} is an infinite set, and

(3) if me K and j is a positive integer with j<|=|, then {r | r=='(j+1) for some
' € K with #'(i)==(i) for i=1, ..., j} is an infinite set.

5.3.3. If K is an indicator and x € X then

D (K xt) = {Re| || = |x|+|K|, x(}) = x(i) for i=0,...,|x|,
and for some = € K, x'(|x| +i)= + (i) for i=1,..., |K[}.

5.3.4. If K is an indicator and R, ,, € I'; then

2 (K, (p.n) = {R,m | 4 € Ry, m = n+|K|,
and for some 7 € K, q;(n—1+i)==(i) for i=1, ..., |K|}.

5.4. LeMMA. If H is a collection of regions and R ., € I'y such that, for each
q € RY, ., there is an indicator K with 3 (K, (g, n+ 1)) < H, then there is an indicator
K’ such that 3 (K, (p, n))<= H.

Proof. For each positive number r, let g, € Ry, ,, with (g,)z(n)=r, and let K, be
an indicator with 3 (K, (¢,, n+1))<H. Since {M | M=|K,| for some r} is a
countable set of integers, let N be a positive integer and T be an infinite set of
positive numbers such that if r € T then |K,|=N. Define K’ by requiring that
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' € K’ only in case: |[7'|=N+1, n'(1) € T, and for some 7 € K, ,, 7'(i+1)==(i)
for i=1,..., N. Clearly K’ is an indicator. It follows that

Z(K,a (p’ n)) = rLe.%Z(Kr, (qr: n+l)) < H.

5.5. LeMMA. If H is a collection of regions and R, ,, € I'; has the property that
for each q € RY, , there is a positive integer M with R m € H for m= M, then there
is an indicator K such that > (K, (p, 1))< H.

Proof. Suppose on the contrary that there exists no such K. By Lemma 5.4, let
QO be a sequence such that Q, =R, ,,, and if Q,=Ry., then Q,.1=Rg .+
where ¢’ € R ,, and there is no indicator K such that 3 (K, (¢’,n+1))<H. It is
evident that by 2.1.4, Lemma 5.1, and 2.2.4, {Q,}{ is a decreasing sequence of open
and closed sets with Q, € G, for each positive integer n. Therefore due to the
completeness of A, (N Q,# &, and in particular in view of the last paragraph of
5.1, there is a point p’ € R, ;, with p’ € (¥ Q,. It follows, in presence of 2.1.4,
that there is no integer M such that R, », € H—a contradiction to the hypothesis.

5.6. LEMMA. If R, €T, and U, and U, are open sets with R, 1, < U, U U,,
then there is an indicator K and a positive integer j with j=1 or j=2 such that
(K, (p, NI*<U;

Proof. We shall construct such a K. By Lemmas 2.7 and 2.8 let: H;={Rqm | ¢
€ RY.1y and R my< Uy}, Hy={Rq.m | q € RY.1y and R m< Uy}, and H="H, U H,.
By Lemma 5.5 let K’ be an indicator such that > (X', (p, 1))< H. For each k' € X’
let g, € RS, 4, such that (q,.)z(i)=k'(i) fori=1, ..., |K’|. Now define two sequences
{JA}E" and {JZ}¥' by requiring that: = € JI (or J?) only in case

)] me€K' and Ry, xi+1 € Hy (or Hy),
and inductively if 1 Sn<|K’| then # € J} ., (or JZ,,) only in case
¥3) 7] = |K'|—n+1

and

(3)  =(i) = #'(i) where i = 1,..., |=|, for infinitely many =’ € J} (or J3).
By (1) it is clear that J U J?=K’. Furthermore by an inductive argument one can
show that if 1Sn<|K’| then J},, UJZ, ={n||n|=|K'|—n+1; and =(i)=='(i)
where i=1, ..., |7|, for some =" € K'}. Hence by part (2) of 5.3.2 let j be a positive
integer such that Jj., is an infinite set. Now define K by requiring that = € K only
in case for each 1=n<|K'|,
@) there is a 7’ € Jig.|_p 41 With n(i)=n'()) fori = 1,...,n.
By the definition of {J/}2, and in particular (3), we have that K is an indicator.
Moreover by (1) it is evident that

2 (K, (p, 1)) © {Rep x40 | m€JH} < H;.
Consequently, [3 (X, (p, D*<U;.
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5.7. LemMA. If K is an indicator, the point p € Py, and x=y(p, 1, +); with

JZ|K|+]1, then
C & x9)* = & (2, )"
Proof. For each = € K, let x,= € X such that
[Xz2| = x| +|K|, Xp2() = x(7) fori=0,...,|x],
X,z(|x| +i) = Fa() fori=1,...,|n|,

and let g, € P, such that g, € Ry, 1), (¢:)z(1)==() for i=1,..., |=|.
We have then by 5.3.3 and 5.3.4, that if = € K then

Re, €D (K, xF) and Reivixn€ D (K (2, 1);

furthermore, in presence of the definitions of x,: and g,, an inspection of 1.3.7-
1.3.11 will show that,
Xpz = Y(qm l+|K|9 i)i-lKl'

Now since by 5.3.3 and 5.3.4,
2 (K, xF)={Ry,, |7 K}

D (K, (2, 1) = {Rgpr41x | mE K},

and

we have that
G & xF))* <RG0 | m€ K} = (3 (K, (p, D).

5.8. LEMMA. Suppose that x € X, U, and U, are open sets with U, U Uy=A,
and each of K, and K, is an indicator. If O, (K,, x+))*< U, and (G (K,, x=))*< U,
then there exist: x' € X with |x'|=|x|+1 and x'(i)=x(i) for i=0,..., |x|, and
indicators K, and K, such that

C K x+)* < Uy and (D (Kyy x=))* < U,

Proof. The proof will consist of exhibiting x’, K3, and K,. Let o, and o, be
reversible sequences into

(1) {r|r = ky(1) for some k, € K;} and {r|r = ky(l) for some k, € K,}

respectively with disjoint ranges. Let o be a sequence such that for each positive
integer n,

) o2n—1) = oy(n) and o(2n) = oy(n).
Clearly o € Y. Let
3) S = {y|ye Y and o is a subsequence of y},

and for each s € S let g, be a point such that

@ G:€P; (@)x=x, (q)y =s5.
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By application of Lemma 5.6 to R, ;, for each s € S and noting that S is uncount-
able, we obtain without loss of generality a set S’ such that

S’ < §, S’isuncountable,

(%
s’ € S’ implies there is a K, with (Z Ky, (45, D)* < Us.

But {|K| | K=K, for some s’ € S} is a countable set of integers. Consequently let N
be a positive integer and T be a set such that

©) T < §’, Tisinfinite, e T implies that |K,| = N.

Define x’ € X as follows:
M %] =[x+ X0xD = —oN), x@=x() (=0,..., x|
Define K; by requiring that = € K; only in case:

7| = N+ 1, =(1) = Ftv(2) (for some teT)

8
® m(i+1) = »'({) where i=1,...,N forsome =’ €K,

By (6), (1), and 1.1.6 it is evident that Kj is an indicator. Define K, by requiring that
# €K, only in case |7|=|K,|, if |[K;|>1 then n(i)=='(i+1) (i=1,..., |K;|—-1),
for some =’ € K, with #'(1)=04(N).

In view of the definition of o, it is clear that K, is an indicator. Moreover by (1)
and (7) we have that

G, (Ku x))* © {Rer | Re- €Y (Ko, x—) and x"([x| +1) = —a(N) }*,
and hence from the hypothesis
C Ke ¥ =))* = G, (Kar x-))* < Us.
For the remaining assertion note that by (8) and 5.3.3,
) > (Kay x'+) = 9] > (K xt),
where for te T,

|x.| = |x]+2; x(|x] +1) = —o0x(N); x|x]+2) = Foin(2);
x(i) = x(i) fori=0,...,|x|.

But now observe that for each t € T we have that by (4) and 1.3.7-1.3.11,

Xy = '}'(Qt, 19 —)Mp
where m,=t ~1(oo(N))2 N=|K,|, by (2) and (6), and hence applying Lemma 5.7,

G Ko x+)* = S K (@5 D))"
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It now follows in view of (9) and by (6) and (5) that
Q Ks x' )" = U (2 (Ko (g0 1) < s

5.9. LeEMMA. The large inductive dimension of A is greater than zero.

Proof. We shall exhibit two mutually exclusive closed sets which are not separated
by @. Let x € X with |x|=0, K; and K, be indicators with |K;|=|K;|=2, and let

(1) €, = dclosure of (D (Ki, x+))*,  C, = closure of (3 (K, x—))*.

It is clear that
if pe C, N P, then p(1)>0,
if pe C, N P, then p(1)<0,
if p e C; N P, then px(1)>0,
if p e C, N P, then px(1)<0.
Consequently, C; N C,= . Suppose now that U; and U, are open sets with

(2) A= U1 U U2, C] < Ul, C2 < Uz.

In view of (1) and (2) and by repeated application of Lemma 5.8, we get a
decreasing sequence {R.,}? of open and closed sets such that if i is a positive
integer,

(3) sz +1

Since the space A is complete, let p € (|2, R,,. By Lemma 2.8 and (3) we get that p
is a limit point of both U, and U,. Consequently by (2), p € U; N U, # @. Therefore
C, and C, cannot be separated by .

S R,€G, R,NU # @, R,NU, # .

5.10. Lemma (KaTeTOV [1, p. 31, [3]). If S is a metric space then Ind (S)=
dim (S).

5.11. PrROPERTY IV. The covering dimension of A is greater than zero.

The proof consists of Lemma 5.9 followed by Lemma 5.10.

5.12. ProPerTY V. The covering dimension of A is less than or equal to 1.

Proof. The proof rests on the following three observations:

(1) for each positive integer n, G, is an open cover with order £2,

(2) G, ., is a refinement of G,, and

(3) each member of G, is a union of members of G, , ;.

The proofs of these observations are contained in the arguments given for
Lemmas 2.3-2.6. Now let K be a finite open cover of A. Let H; be the collection to
which U belongs if and only if U € G; and U is a subset of some member of K. For
each positive integer n> 1, let H, be a collection to which U belongs if and only if
U € G,, U is a subset of some member of K, but U is not a subset of | 7= H*. Itis
clear that | Ji2, H;is an open cover refining K. Moreover, | 2, H; is of order =2,
for otherwise, let p € A be a point belonging to more than two members of |2 ; H;



132 PRABIR ROY

say U,, U, and Uj labelled in such a manner that if U,e H,,, i=1,2, 3, then
ky<k;<k; Now let ¥, and V; be members of G, such that pe V,<U, and
P € V32 U,. By definition of Hy’s, V;, U,, and V; are three distinct members of G,
each containing p. This contradicts the fact that Gy, is of order <2. Now label the
members of K as K={Jy, Js, . .., J,}, and for each 1 <j=<n, let L, be the collection
to which U belongs if and only if Ue (U2, H) N J; but Uis not a subset of J,
for any i<j. We have that L, " L;= @ for i#j and that J}., Li={JX, H;.So,
{L¥}. is a finite open cover of A refining K and is of order £2.
5.13. PrROPERTY VI. The covering dimension of A is 1.

6. Concluding remarks. For some conditions under which the dimensions of a
metric space agree, the reader is referred to [5]. There he will also find references to
other works on such conditions. The author takes this opportunity to thank
Louis F. McAuley for introducing the author to the problem discussed here and
encouraging him to study it.
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